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We consider the unconditionally stable Newmark and p_ -Bathe methods for the direct time integration
of the finite element equations in structural dynamics and wave propagations. In our evaluation of the
Newmark method we consider the parameters ¢ and «, and in the p_-Bathe method we consider the
parameters y and p_, with 0 <y < oo, y#1 and p_ € [-1,+1]. We show that the Newmark method as
usually used with its 5 and o parameters, o = 0.25(5+0.5)> and § > 0.5, is a special case of the
p..-Bathe method. We also show that the ,/f,-Bathe method is a special case of the p_-Bathe scheme.
The study of the curves of numerical dissipation and dispersion shows that the p_-Bathe method pro-
vides effective dissipation and dispersion whereas the Newmark method lacks in that regard. To illustrate
our theoretical findings we give the results of some example solutions of structural dynamics and
wave propagations. Our study also shows that further research is needed to identify the optimal use of
the p_ -Bathe scheme and other implicit methods in wave propagation analyses.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The direct time integration of the finite element equations gov-
erning structural response and wave propagations is now widely
performed in industry and the sciences. In linear analysis, other
approaches can be used, like the method of mode superposition,
but in nonlinear analysis, the direct time integration is commonly
pursued [1-3].

For the integration, explicit and implicit schemes are used. The
explicit schemes are generally conditionally stable and are used
with very small time steps for short duration events, like crush
simulations and short time wave propagations. The implicit
schemes employed are generally unconditionally stable, are used
with larger time steps in structural dynamics and also in the sim-
ulation of wave propagations. The premise of an implicit method is
that it can be used with larger time steps, thus requiring much less
time steps in a simulation. Hence, although the computational
time per time step is much larger than for an explicit scheme,
the total solution cost is less than for an explicit scheme. In addi-
tion, an implicit solution of a problem is frequently also more
robust than an explicit solution [3].
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A large number of explicit and implicit time integration
schemes has been proposed and analyzed [4-22]. However, the
search for more effective methods has continued because the avail-
able schemes showed short-comings and any increase in effective-
ness can be of much value in engineering and scientific analyses.

Until about a decade ago, this search focused on requiring that
only the equilibrium at the time points ¢t and t + At be considered
in the time integration, where At denotes the time step. However,
there is of course no reason to not consider also time points other
than t and t + At, such as the use of a composite scheme, provided
that scheme using more equilibrium points is in the overall solu-
tion more effective.

The first implicit composite schemes for structural dynamics
were probably proposed in Refs. [23,24]. The Bathe method of time
integration using two sub-steps per time step has found consider-
able use, was analysed in refs. [25-27], and extensions were pro-
posed [28,29]. Other composite time integration schemes
including explicit schemes were also proposed, see Refs. [30-39].

A very widely used implicit time integration scheme is the
unconditionally stable Newmark method with its two parameters
o and ¢ and in particular the trapezoidal rule with « = 0.25 and
6=0.5.

Our objective in this paper is to study the Newmark method and
the p_-Bathe scheme, compare the schemes and elucidate differ-
ences in solution accuracy when considering typical finite element
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analyses. Since the Bathe method uses two sub-steps per time step
At, we also use two sub-steps in the Newmark method; in this way
the solution effort per step is about the same. Our findings are that
the Newmark method, as typically used in practice, is a special case
of the p_ -Bathe method and that the Bathe scheme, when used in
its optimal setting, shows much better dissipation and dispersion
characteristics.

2. The p_-Bathe method and the two-step Newmark method

In this section we briefly review the time integration schemes
that we will compare and evaluate in the paper.

2.1. Basic equations and properties

In the p_-Bathe method [29], we calculate the unknown dis-
placements, velocities, and accelerations by considering the time
step At to consist of two sub-steps. The sub-step sizes are yAt
and (1 — y)At for the first and second sub-steps, respectively.

In the first sub-step, we use the trapezoidal rule for the equilib-
rium at time ¢ + yAt,

MM 4 €D + KU = HTAR (1)
t+~;AtU —ty + Vzﬂ (tU + t+}'AtU) (2)
t+yAtU — tU + Vzﬂ (tU + [+}'Atﬂ) (3)

and in the second sub-step, we use the following relations for the
equilibrium at time t + At.

M2 4 A 4 KA = AR 4)
Ay = Y 4 At(thU + q]tH’AtU + q2t+AtU) (5)
CAN — O 4 At(so'U + 5,770 4 5,7A0) (6)

where M, C, K are the mass, damping and stiffness matrices, and the
vectors U and R list, respectively, the nodal displacements (rota-
tions) and externally applied nodal forces (moments). An overdot
denotes a time derivative.

The parameters in Eqgs. (5) and (6), So,S1,52,90,41,4>, Y, can be
determined in various ways. In our previous work, we considered
the conditions for unconditional stability in linear analysis,
second-order accuracy, and complex conjugate eigenvalues of the
approximation matrix for all Qp where Qp = woAt with wq the
modal natural frequency.

To have second-order accuracy, we use

Go=y-1)q+3

Qo =~V +3 ™)
So=(y—1)s1+1
S2= —)S1+3

and to have unconditional stability with the complex conjugate
eigenvalues for all Qp we use
$1=0; (8)

Lastly, to directly prescribe the amount of numerical dissipation
in the high frequency range, we use the relation between q,, y and
a new parameter, p_:

SRR o

where

im p(A, sane) = [Pl P € [-1.1] (10)

Qp—o0

The scheme has then two free parameters, y and p_ . Previously
we only considered p_ €[0,1] but the negative values of
P, € [—1,0] may also be used, and some benefits using a negative
value can arise, see Sections 2.3 and 3.2.

Using p_ € [0,1], the scheme provides the same effective stiff-
ness matrix for each sub-step, a local maximum of amplitude
decay and the global minimum of period elongation with the fol-
lowing value for y:

2—-/24+2p,
— i Y9=05

Yo = ﬁ
With the relation in Eq. (11), the method is a one-parameter
scheme and it is in that sense optimal for p_ € [0,1], 7 € (0, 1).
Fig. 1 shows the spectral radii, percentage period elongations
and numerical damping ratios of the p_-Bathe method with
7 =0.5 and y, for various values of p_. The values y =0.5 and
y = 7, provide practically the same curves for all p_ € [0, 1].
Next, we consider the usual use of the Newmark method [3,5].
To compare the Newmark and p_-Bathe methods using the same
computational costs, we employ the two-step Newmark method
with the sub-step sizes (At/2).
In the first sub-step of the two-step Newmark method, we con-
sider the equilibrium at time ¢ + At/2

MHAU2( 4 CUH A2y 4 KEFA2Y — AR (12)

if p_=1 (11)

A0 = 10 1 [(1 — 8)'0 + 20 (AL 2) (13)

CARY = U+ TO(AL/2) +[(1/2 - ) 0+ o 220)(AL/2)7 (14)

and in the second sub-step we consider the equilibrium at time
t+ At

Mr+At|‘J + Ct+AtU + KHMU _ t+AtR (15)
HArU _ r+At/ZU + [(1 _ 5)t+At/2[‘j+ 6”“(]](At/2) (16)

LAt — t+At2 + HN/ZU(A!’/Z) + [(]/2 _ oc)HAt/zﬁ
+ oA (AL
[+AtU At/2 2 17

The method is unconditionally stable when 6 > 0.5 and

o > 0.25(5 4+ 0.5)%. The method is a non-dissipative second-order
accurate method when 6 = 0.5, and a dissipative first-order accu-
rate method otherwise. The method is the commonly called trape-
zoidal rule when 6 = 0.5 and o = 0.25.

From now on we frequently refer to the Newmark method using
two equal sub-steps per time step simply as the Newmark method.
Although then not explicitly stated, we always use these two sub-
steps.

Considering a given value of 6, the value o = 0.25(5 + 0.5) pro-
vides the least period elongation and a larger value of § results into
more numerical damping. For the case of o = 0.25(5 + 0.5)?, the
ultimate spectral radius of the Newmark method is

. 26 -3)°
lim p(ANewmark) = g

5>05 18
Qo0 (26 +1)? (18)

As ¢ increases from 0.5 to 1.5, the ultimate spectral radius
decreases from 1 to 0, and as ¢ increases from 1.5 to oo, the ulti-
mate spectral radius increases from 0 to 1.

Figs. 2 and 3 show the spectral radii, period elongations, and
numerical damping ratios of the Newmark method for various

values of x and & where o = i (5 + 0.5)>. We can make a number
of observations:
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Fig. 1. The p_ -Bathe method when ¢ = 0 with y = 0.5 (solid line) and y = 7, given in Eq. (11) (dashed line) for various values of p_ € [0,1].

- Firstly, for a given value of 5, using & = 0.25(5 + 0.5)* in the
Newmark method provides maximum numerical dissipation
and minimum numerical dispersion.

Secondly, the numerical dissipation curves have only an
“acceptable shape” for the case o =025 (5+0.5)* and
0.5 < 6 < 1.5 but even in that case the curves have the opposite
curvatures to those of the p_ -Bathe scheme, see Fig. 1. The best
curvature gives very little damping at small time steps and
rapidly increasing damping at larger time steps, with the
numerical damping ratio continuously increasing as At/Ty
increases (as shown in Fig. 1).

Since it is important to have strong numerical dissipa-
tion for the higher modes in the direct time integration,
using & to control the dissipation, the Newmark method
provides its best performance with o=025(5+ 0.5)> and
05<d6<15.

2.2. Relations between the p__-Bathe method and the Newmark
method

We can directly show that the p_-Bathe method with p_ =1
and y = 1/2, corresponds to the Newmark method using « = 1/4
and 6 = 1/2, see Appendix A. However, when y##1/2 a direct com-
parison is not straightforward. Therefore we compare the charac-

teristic polynomials of the integration approximation matrices of
the Newmark and p_-Bathe methods: identical characteristic
polynomials provide identical spectral properties.

In the modal equations, the p_-Bathe method and the New-
mark method may be expressed in the form

t+Aty %
thAty | = A tx | + LatﬂvArr + th+Atr (19)
t+Aty tx

where A, L, and L, are the integration approximation and load
operators, respectively, and x denotes the displacement in modal
space. The characteristic polynomials of A of both methods have

the form:
p(A) =72 — 2412 + Ayh — As (20)

Considering the physical case of no damping, the coefficients of
the characteristic polynomial of the p_-Bathe method are
1 5 4
Ailyathe = _m(V ((So—$1)q3+52(do — q1))2
+(=292 +47(@y +51) +4d2(S0+51) +452(do + 1)) % — 8);

1

ﬁOlﬁOZ
+(72 = 4(qy +51)7 +4(S0 +51) (o + 61)) % +4));

Aalp pathe = (7%(s0 — $1)(Go — 41)%

(21)
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Fig. 2. The two-step Newmark method when ¢ = 0 with « = (6 + 0.5)2 for various values of x and ¢ < 1.5; Each color indicates a value of §; Each line type indicates a value

of k: solid (k = 0.25), dashed (x = 0.4), dashed dot (x = 0.7), dotted (kx = 1.2).

A3|pm—Bathe =0;

Bor = Q?JVZ +4; B =1+ Q2529(2J

and of the Newmark method are

A1 Newmark = 8% (128 + (640 — 325 — 48)Q)
+(802 + (-85 — 12)o+4(5 +1/2))Q5 ) ;

1 1 2
A2|Newmark = Z (4 + <OC -0+ j) Qé) ) (22)
A3|Newmark =0;

(= (Qu+4);

Using Eqs. (21) and (22), the relations to have identical charac-
teristic polynomials of the amplification matrices are:

1
o= jyz + 24,5,

ot = 4g,5,7°

o 0 3_1, s Sy — (So+$ s
54730 ~ (@ +51)7 = @152 = (S0 +51)q2 — GoS2

11
%= 0+5=57"=2(q +5)7 +2(s0+51)(do + 1) (23)

5 3 1 1\° 5
o — (o5 )uta(d+5) =—2((So—51)q; +52(do — 1))V

2
(OHH%) — 492(s0 —51)(qo — 01)

Due to the nonlinear nature of the relations in Eq. (23), it is not
feasible to obtain explicit expressions of s, s1,52,qq,q;,q, and y in
terms of the parameters of the Newmark method for arbitrary o
and 6. However, with the relations in Eqgs. (7)-(9), we find that
the unique solution of Eq. (23) is

w=1/4, 6=1/2, p. =1, y=1/2 (24)
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which indicates that the spectral properties of the final form of the
p..-Bathe method and the two-step Newmark method can only be
identical when both methods become the two-step trapezoidal rule.

In addition, we also find that, without Egs. (7)-(9) but with
So =(qp, S1 =¢q; and s, = q,, the spectral properties of the two
methods are identical when the Newmark method uses

o =025(5+0.5)* (25)

and the p_-Bathe method uses

g A +120-1 1 o
07%77165-{-8 ) 1*%*25_’_17 2 =(

20+1 26+1

e (26)
for all 6.

With the relations in Eq. (26) and ¢ > 1/2, the p_-Bathe
method is unconditionally stable, always has complex conjugate
eigenvalues, and is a first order accurate method except when
6=1/2, and then the method is the two-step trapezoidal rule.
Note that with Eq. (25), the Newmark method provides the least
numerical dispersion for all . Therefore, the two-step Newmark
method is a special case of the p_-Bathe method when it provides

least numerical dispersion. Hence with Eq. (26), the solid lines in
Figs. 2 and 3 can be reproduced using the p_-Bathe method with
the parameters in Eq. (26).

With Eq. (26), we also find a useful relation:
i 70=05

y:l ifp, =1 (27)

T-pe
Therefore, we conclude that the relations in Egs. (26) and (27)
are the parameters to obtain a first order accurate p_-Bathe
method with only one parameter, p__.
Note that the two-step Newmark method with the relations in
Eq. (25) and the p_ -Bathe method with the relations in Eq. (26) are
identical to the B, /p,-Bathe method [28] with

126 45 +3

1+26
ﬁl = 2 =
226+ 1)

6 —4o

. B (28)

2.3. Accuracy characteristics of the p_ -Bathe method and the
Newmark method

The non-spurious roots of the characteristic polynomial in Eq.
(20) are
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iz = (VA £Q) (29)
in polar coordinates, where

_ tan'!(y/A; —A?/A;)  for At <AL

Q= (30)

tan~'(—\/A, — A?/A;) for At > At*

and (A7 — A2)|pe_ae = 0 [27].

We have that the numerical damping, E and the period elonga-
tion, PE, are

_ 1 1

£ = —5q; In(Az) = — - In(p(A)) (31)

PE:Td_T():&_] (32)
To g,

where fd is the “numerical natural period.”

By applying the Taylor series expansion to the numerical damp-
ing, ¢, we obtain, for the p..-Bathe (Egs. (1)-(11)) and Newmark
(Egs. (12)-(17)) methods,

f _—Bathe = 33
82 (.~ 1)) =
¢ o 1)+ L (1 26)(1 - 26 + 402
fNewmark *g( - ) 0 +m( - )( - + ) 0

+0(Q)) (34)

Egs. (33) and (34) show that the numerical damping ratio of the
p..-Bathe method is O ( Q) for all values of y and p_ € [0, 1),
while the numerical damping ratio of the Newmark method is
0 ( Qo) except when 6 = 1/2. The leading term of the numerical
damping ratio of the p_-Bathe method has a local maximum at
7, defined in Eq. (11).

Similarly, we obtain the expressions for the period elongations
of the p_-Bathe and Newmark methods as

2-2(p, +2)+39%(p + 1)

_ 2 4

Ppr*BﬂthE - 24 ¥ lz(poo _ 1),)) QO + O(QO) (35)
1 1 3 11

PENewmurk = <§OC +ﬁ52 - §5 +@) Qé + O(Qg) (36)
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The period elongations of both methods are at least O ( Q). The
leading term of the period elongation of the p_-Bathe method is
not zero for p, [0, 1] and has a local minimum at 7y, for
P € [0, 1]. For the Newmark method, the leading term is not zero
and has a minimum when o = 0.25(5 + 0.5)* in the range of uncon-
ditional stability: 5 > 0.5 and o > 0.25(5 + 0.5)?

It is also of value to consider p_, € [—1,0]. In that case, the lead-
ing term in Eq. (35) can be eliminated and the period elongation of
the p__-Bathe method becomes O ( Qg ) when
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1 Il ~ < - Newmark x = 0.25 § = 0.6
B30F L 4 —p— po-Bathe vy = L1577 py = —0.733| ]
‘\ ,' - 4= pe-Bathe v =05 py =0.0
351 <4 reference i
. | |
0 5 10 15 20

time

Fig. 10. Acceleration of node 2 as calculated using various methods.



8 G. Noh, KJ. Bathe/Computers and Structures 225 (2019)

12 T T T
—#—Newmark £ =0.25 6 = 1.5
Newmark £ = 0.25 § = 0.9
10f ~ < - Newmark £ =0.25 § = 0.6 1
—p— poo-Bathe v = 1.577 py = —0.733
8r - 4= p-Bathe y =05 p =0.0 8
reference

time

Fig. 11. Acceleration of node 3 as calculated using various methods.

Since y =1 is avoided in practice to not encounter a zero
denominator in the constants of the method, the possible range
of p_isp,e(-1,1-+3] withy > 1.

There are two values of 7y that satisfy Eq. (37): one value with
7 > 1 increases to 1.5774 and the other value decreases from co
to 1.5774 as p_, increases (therefore the ultimate spectral radii,
|p.. |, decreases) from —1 to —0.7321 (values are rounded). Since
both 7 values provide identical spectral properties of the
method, we consider the y value in the range of (1, 1.5774], which
we call y,,

2 JpE 2.2
P F I VP22 (113 (38)

30 + 1)

Fig. 4 shows the spectral radii, period elongation and numerical
damping ratio of the p_ -Bathe method with y, for various values of

p

P, € (—1,1—+/3]. We see that with Vp» Using a value for p_ close
to its limit value (1—+/3) provides relatively small period

|
L ! 4
2514 4 —#—Newmark £ =0.25 § = 1.5
L) ' Newmark £ = 0.25 § = 0.9
-30 A | ~ <« - Newmark £ =025 § =0.6 7
—p— p-Bathe v = 1.577 p,, = —0.733
351 S« - - po-Bathe y =05 py =0.0
reference
I | |
0 5 10 15 20
time

Fig. 12. Reaction force at node 1 as calculated using various methods.

elongations but favourable numerical damping. However, since
the negative value of p_ is limited to p_ € (—1,1 — /3], the spec-
tral radius at large time steps, p(A)|,._.. is also limited to
[-1++/3, 1). Therefore, for general structural dynamics problems,
p..=0withy=0.5 or 2 — V2 is still recommended, see Section 3.1.
For the solution of a problem requiring small dispersion and large
numerical dissipation, but not p(A)|,,_., = 0, like problems of wave
propagations, the negative values of p_ may be useful, see
Section 3.2.

3. Illustrative numerical results

We consider a three degree-of-freedom model problem and a
one-dimensional wave propagation problem to illustrate the prop-
erties of the p_-Bathe and Newmark methods. As in the above
analyses and discussions we always use two equal sub-steps when
employing the Newmark method for a total step of At.

A x, u
7] 20
o, E, A RN

/
/] L =200
/]

100 : . : : : : ,

50 r
U 0
-50
-100 f [——reference] |

0 0.001 0.002 0.003 0.004 0.005 0.006

0.103 0.104 0.105

0.206 0.207 0.208 0.304 0.305 0.306 0.307

time

Fig. 13. A clamped bar excited by a step load, and the exact velocity at x = 100. Young’s modulus E = 3 x 107, mass density p = 0.00073, cross-sectional area A = 1, length
L = 200.



G. Noh, KJ. Bathe/Computers and Structures 225 (2019) 9

3.1. A three degree-of-freedom model problem

The 3 degree-of-freedom model problem shown in Fig. 5 was
already used in Refs. [25,27,29] to illustrate the behavior of some
time integration schemes when a general structure with stiff and
flexible parts is solved. We refer to Refs. [25,3] for the details of this
model and comments on its importance.

Figs. 6-12 give the results obtained using the p_-Bathe and
Newmark methods. For the p_-Bathe method, we consider two
parameter sets: y=0.5 with p_=0 and 7=1.577 with
p. =—0.733. For the two-step Newmark method, we use
4 =0.6,0.9 and 1.5 with k = 0.25.

The figures show that only the p_-Bathe method with y = 0.5
with p_ = 0 performs well. The p_-Bathe method with y = 1.577
and p_ = —0.733 (hence p(A)|,.., = 0.733) provides the least dis-
persion error in the low frequency range but does not give the
numerical dissipation in the high frequency range important in
the solution of this problem.

When using the p_-Bathe method with y=0.5 and p_ =0,
there is an overshoot in the acceleration at node 2 and in the reac-
tion for the first time step. This overshoot can be eliminated by
using a different set of « and § only for the first sub-step, and we
refer to Refs. [3,27] for details.

—
CFL=2 ||
— CFL=05
m reference | |
25 . . . . . .
0.0045 0.005 0.0055 0.006 0.0065 0.007
time
95 Rl
CFL=2 ||
75 CFL=0.5
,L'L 55 reference |
35 1
15 1
58 1
-25 L L
0.103 0.1035 0.104 0.1045 0.105 0.1055
time
—or=r |
—CFL=2 ||

———CFL=0.5
reference ||

0.2075 0.208

5
0.2055 0.206

0.2065 0.207
time

T T
———CFL=4
——CFL=2 ||
~———CFL=0.5
reference ||

-2
0.304 0.3045 0.305 0.3055 0.306

time

0.3065

Fig. 14. Velocity at x = 100 predicted using the two-step Trapezoidal rule.

3.2. One-dimensional wave propagation problem

We consider a clamped bar excited by the constant step load

F(t) = 10* at its end as shown in Fig. 13. We use 1000 equal size
two-node elements. This problem was solved using some time
integration methods in Refs. [28,29].

For the solutions, we use the trapezoidal rule, the Newmark, the
p1/B,-Bathe and the p_-Bathe methods. We use y = 1.5774 and
p. = —0.7321 for the p_-Bathe method, § =0.6 and 1.5 with
K = 0.25 for the Newmark method, and g, = 0.39 and B, = 25,
for the p;/B,-Bathe method. Note that all the considered methods
are special cases of the p_-Bathe method, see Section 2.2 and Ref.
[29].

The time step sizes used are determined by the CFL number,
which is the ratio of the propagation length per time step (using
the exact wave speed) to the element size:
At = CFL x 9.8658 x 1077, We consider various CFL numbers for
each method.

Figs. 14-18 show the velocity at the center of the bar (at node
500) calculated using the methods with various CFL numbers, at
three different time windows. For the first time window
(t=0.004-0.007) the methods considered (except for the trape-
zoidal rule) provide good results. In particular, the first-order accu-
rate methods, the Newmark method with é = 0.6 and x = 0.25 and

95F ' —
L ——CFL=2 |

i —— CFL=05
/L'l/ 55 F reference |
35 i
15 1
5F §

25 . . | . \ .

0.0045 0.005 0.0055 0.006 0.0065 0.007
time

9% I " o ]
751 ——CFL=2 ||

—— CFL=05
L 55 m reference |
35+ /\ -

5F |
25 : : l ! ,
0.103  0.1035 0104 01045 0105  0.1055
time

s ‘ —crei ||
i ——CFL=2 |/

75 ——— CFL=05
reference ||

5F 4
25 . . . | .
0.2055 0.206 0.2065 0.207 0.2075 0.208
time
95F T T T T T —
75 ———CFL=2 |/

—— CFL=0.5
35r N i
/‘—\
15 / \ |
M \.\ ]

-25
0.304 0.3045 0.305 0.3055 0.306 0.3065
time

Fig. 15. Velocity at x =100 predicted using the two-step Newmark method
(k=025,6=1.5).
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the ,/B,-Bathe method with g, = 0.39 and 8, = 2, provide very
accurate solutions for this time window. The results using the
trapezoidal rule show significant spurious oscillations.

As time increases, however, the solution accuracy using the
first-order accurate methods deteriorates due to large numerical
damping in the low frequency range (see, Fig. 3(b)) while the
results using the p_-Bathe method remain quite accurate
(Fig. 18). Using the p_-Bathe method, with y=1.5774,
p., = —0.7321 the solution accuracy only deteriorates mildly with
time due to the small numerical damping in the low frequencies,
see Fig. 4(b).

Among the CFL numbers considered, using the smaller CFL
number provided in this example more accurate solutions when
using the Newmark and Bathe methods as first-order accurate
schemes. However, a further study is needed to identify the CFL
numbers for optimal accuracy of the methods considering the var-
ious values of parameters [40-42].

4. Concluding remarks

We considered in this paper the Newmark and Bathe time inte-
gration schemes for the solution of structural dynamics and wave
propagation problems. The Newmark scheme and in particular the

trapezoidal rule are widely used in engineering and scientific
studies.
We first focused on the unconditionally stable Newmark

method with 6 > 0.5 and o = (5 + 0.5), x=0.25 and showed
that the Newmark method (using two equal sub-steps per time
step) is then a special case of the Bathe method, and that with
these parameters the Newmark method provides the maximum
numerical dissipation and minimum numerical dispersion for a
given J. As widely known when § = 0.5 the second-order accurate
trapezoidal rule is obtained, otherwise the Newmark method is
first-order accurate. The trapezoidal rule is obtained in the
p.-Bathe method with p_=1.0 and two equal sub-steps
(y = 0.5). Of course, when the parameters in the p_-Bathe method
are selected to correspond to the Newmark method, the same
solution accuracy is achieved. We also showed that the
B1/B,-Bathe method [28] can be obtained by choosing the appro-
priate parameters in the p_-Bathe scheme, see also Ref. [29].

We found that by varying x and ¢ in the Newmark method and
considering the numerical dissipation, only the values x = 0.25 and
0.5 < 6 < 1.5 are of interest, because for other values the numeri-
cal dissipation does not increase monotonically as the time step
value increases.

The usual p_-Bathe method uses two parameters, p_ = [0, 1]
and 7, but the optimal value of y for maximum amplitude decay

95 F T T T T —
CFL=2 [
— CFL=05
U reference | |
25 . . . . . .
0.0045 0.005 0.0055 0.006 0.0065 0.007
time
95 I I l et
[ CFL=2 [
75 CFL=0.5
,L'L 55+ 2’47 N reference |
351 1
B % K |
_5 — \\| 4
25 . . . . .
0.103 0.1035 0.104 0.1045 0.105 0.1055
time
95 I I —or=r |
L —CcFL=2 |]
75 — CFL=0.5
/l:l/ 55 % \\ reference |-
35 9
) N ]
5 | 1
25 . . . . . .
0.2055 0.206 0.2065 0.207 0.2075 0.208
time
95 ' ' I — i ||
L —CFL=2 ||
75 ——— CFL=0.5
4 55¢ m rference | |
351 b
e / K |
5F | 4
25 . . . . .
0.304 0.3045 0.305 0.3055 0.306 0.3065
time

Fig. 16. Velocity at x =100 predicted using the two-step Newmark method
(k =0.25,5=0.6).

9%r [ l K l —
51 —ry
,L‘L 55 reference |-{
35 4
15 1
,5 e
25 : : : . : :
0.0045 0.005 0.0055 0.006 0.0065 0.007
time
95| I I l T
75F oros|]
35+ 4
15+ §§ 4
_5 — \ | 4
25 - . . - -
0.103 0.1035 0.104 0.1045 0.105 0.1055
time
951 I I — Tl
& —ctey
/l:l/ 55| m reference ||
35+ -
5E | p
25 L L L L L L
0.2055 0.206 0.2065 0.207 0.2075 0.208
time
951 ' ' I —ICFL:/I l
& E—
7 55f m reerence |
351 E
5 .| N ’
5F | R
25 : . . : .
0.304 0.3045 0.305 0.3055 0.306 0.3065
time

Fig. 17. Velocity at x = 100 predicted using the j,/B,-Bathe
B2 =2py).

method (B, = 0.39,
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95F T T T T =

——CFL=4
i m e |
2 55¢ 1
351 1
151 1
5F r—‘q 1
-25 . ; . . . :

0.0045 0.005 0.0055 0.006

time

0.0065 0.007

95F T T T —

CFL=4
CFL=2 |
reference

5F V—W J
25 . . . . . .

0.103 0.1035 0.104 0.1045 0.105 0.1055
time

95 I I —r=r |

——CFL=2 ||
reference

5F _W—AN |
25 \ . | . | .

0.2055 0.206 0.2065 0.207 0.2075 0.208
time

95F T T T T m

——CFL=4
e o stues |

U 55¢ 1
351 1

15F 1

25
0.304 0.3045 0.305 0.3055 0.306 0.3065
time

Fig. 18. Velocity at x =100 predicted using the p_-Bathe method (y = 1.5774,
Py =—0.7321).

and minimum period elongation is given as a function of p_, hence
we have a one-parameter time integration scheme. With the opti-
mal value of y, the amplitude decay and period elongation are
almost the same as when using 7y = 0.5.

While the curves of numerical dissipation in the p_-Bathe
method show very little dissipation at small time step values that
rapidly increases as the time step becomes larger, which is very
valuable, the curves for the Newmark method for any x and § con-
sidered here do not have this desirable curvature.

We also considered the values y > 1 and p_, = [-1,0] and found
that for some analyses, values other than p_ = [0, 1] and the corre-
sponding optimal value of y can be effective parameters to use.

We illustrated the findings of our theoretical study in example
solutions. These solutions exemplify that the p_-Bathe method
with p_ =0.0and y = 0.5 (or y = y, for less computations in linear
analysis) is most effective in structural dynamics when stiff and
flexible parts are considered. Further, in the solution of a one-
dimensional wave propagation problem, we found that the p_-
Bathe method is more effective than the Newmark method. The
trapezoidal rule shows significant oscillations at the wave fronts,
and when the Newmark method is employed with 6 > 0.5, the
solution is quite accurate for small solution times but not for larger
times because the method is then only first-order accurate. The
same observations hold when using the g, /p,-Bathe method.

On the other hand, when we used the p_-Bathe method, with
p., <0 and y > 1.5 good results have been obtained for short
and longer times in the wave propagation problem. We employed
here p_ ~ —0.75 and y =~ 1.6; however, further studies are needed
to establish the optimal parameters in the p_-Bathe scheme for
the solution of wave propagation problems [42].
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Appendix A. The two-step Newmark method with « = 1/4,
6 =1/2 and the p_-Bathe method with p., =1 and y = 1/2 are
identical

When o =1/4,6=1/2, p,,=1and y =1/2, it is clear that the
relations in the first sub-steps of the two-step Newmark method
and the p_-Bathe method are identical as

[+At/ZU — tU + [tU + t+At/2'j](At/4) (Al)

t+At/2U _ tU + tU(At/Z) + [tU + t+At/2ﬁ](At2/l6) (AZ)

In the second sub-step, the two-step Newmark method, with
oa=1/4,0=1/2, Eqgs. (16) and (17) becomes

CHALY — A2 AU 4 AN (AL /4) (A3)

t+AtU _ t+At/2U + t+At/ZU(At/2) + [HAt/Zﬂ + t+Atl'j](At2/-16) (A4)
With Eqgs. (A1) and (A2), Egs. (A3) and (A4) can be rewritten as
[+AtU _ tU n [tU + 2t+At/2l'j + t+AtU](At/4) (AS)

HAN = 1 4 CUAE + [3°0 4 47420 4 2] (AL?/16) (A6)

In the p_-Bathe method with p, =1 and y = 1/2, the parame-
ters become sy =q, =5, =q, = 1/4 and s; = q; = 1/2. Thus, the
relations in the second sub-step, Egs. (5) and (6), become

GATY — 4 (0 4 20AV2Q 4 A (AE/4) (A7)
G — 0 4 (0 4 20N 4 A (AL/4) (A8)

With Egs. (A1) and (A2), Eqgs. (A7) and (A8) can be rewritten as
earg — o 4 [0 4 2587200 4 A (AL/4) (A9)

t+AtU _ tU + tUAt + [3tU + 4t+At/2U + t+Atl"”(At2/-16) (A]O)

which are the relations in the second sub-step of the two-step New-
mark method, Egs. (A5) and (AG).
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